We extend the notion of the symmetric signature σ(M , r) ∈ L n (R) for a compact n-dimensional manifold M without boundary, a reference map *
r : M → BG and a homomorphism of rings with involutions β : ZG → R to the case with boundary ∂M , where (M , ∂M ) → (M, ∂M ) is the Gcovering associated to r. We need the assumption that C * (∂M ) ⊗ ZG R is R-chain homotopy equivalent to a R-chain complex D * with trivial m-th differential for n = 2m resp. n = 2m + 1.
Let Z be a closed oriented manifold with reference map Z → BG. Let F ⊂ Z be a cutting codimension one submanifold F ⊂ Z and let F → F be the associated G-covering. Denote by αm(F ) the m-th Novikov-Shubin invariant and by b (2) m (F ) the m-th L 2 -Betti number. We use σ(M , r) to prove the additivity (or cut and paste property) of the higher signatures of Z if we have αm(F ) = ∞ + in the case n = 2m and, in the case n = 2m+1, if we have αm(F ) = ∞ + and b
Introduction
Let M be an oriented compact n-dimensional manifold possibly with boundary. Let G be a (discrete) group and r : M → BG be a (continuous) reference map to its classifying space. Fix an (associative) ring R (with unit and) with involution and a homomorphism β : ZG → R of rings with involution. Let ∂M → ∂M and M → M be the G-coverings associated to the maps r| ∂M : ∂M → BG and r : M → BG. We will have to make the following assumption about (∂M, r| ∂M ). Assumption 0.1 Let m be the integer for which either n = 2m or n = 2m + 1. Let C * (∂M ) be the cellular ZG-chain complex. Then we assume that the Rchain complex C * (∂M ) ⊗ ZG R is R-chain homotopy equivalent to a R-chain complex D * whose m-th differential d m : D m → D m−1 vanishes.
We will discuss this assumption later (see Lemma 3.1) . We first consider the easier and more satisfactory case n = 2m. Under Assumption 0.1 we will assign (in Section 3) for n = 2m to (M, r) the element σ(M , r) ∈ L 2m (R), (0.2) which we will call the symmetric signature, in the symmetric L-group L 2m (R) (Here and in the sequel we are considering the projective version and omit in the standard notation L 2m p (R) the index p) This element σ(M , r) agrees with the symmetric signature in the sense of [17, Proposition 2.1], [18, page 26] , provided that ∂M is empty. The invariant σ(M , r) of (0.2) has already been considered by Weinberger [22] under the more restrictive assumption that C * (∂M ) ⊗ ZG R is R-chain homotopy equivalent to a R-chain complex D * with D m = 0.
The main properties of this invariant will be that it occurs in a glueing formula, is a homotopy invariant and is related to higher signatures as explained in Theorem 0.3, Theorem 0.5 and and Corollary 0.7. Next we consider the case n = 2m+1. Then we need besides Assumption 0.1 the following additional input. Assumption 0.1 implies that H m (C * (∂M )⊗ ZG R) is a finitely generated projective R-module and that we get from Poincaré duality the structure of a (non-degenerate) (−1) m -symmetric form µ on it. We will assume that we have specified a stable Lagrangian L ⊂ H m (C * (∂M ) ⊗ ZG R). The existence of a stable Lagrangian follows automatically if 2 is a unit in R (see Lemma 2.4) . Under Assumption 0.1 and after the choice of a stable Lagrangian L we can assign for n = 2m + 1 to (M, r, L) an element, which we will call the symmetric signature, in the symmetric L-group L 2m+1 (R)
It agrees with the symmetric signature in the sense of [17, Proposition 2.1], [18, page 26] , provided that ∂M is empty. The invariant σ(M , r, L) of (0.4) has already been considered by Weinberger [22] under the more restrictive assumption that C * (∂M ) ⊗ ZG R is R-chain homotopy equivalent to a R-chain complex D * with D m = 0. Notice that Weinberger's assumption implies both our Assumption 0.1 and H m (C * (∂M ) ⊗ ZG R) = 0 so that there is only one choice of Lagrangian, namely L = 0. 
(b) Additivity
Let M and N be oriented compact (2m + 1)-dimensional manifolds with boundary and let φ, ψ : ∂M → ∂N be two orientation preserving diffeomorphisms. Let r :
(c) Homotopy invariance Let M 0 and M 1 be oriented compact (2m + 1)-dimensional manifolds possibly with boundaries together with reference maps r i : M i → BG for i = 0, 1. Let (f, ∂f ) : (M 0 , ∂M 0 ) → (M 1 , ∂M 1 ) be an orientation preserving homotopy equivalence of pairs with r 1 • f ≃ r 0 . Suppose that (∂M 0 , r 0 | ∂M0 ) satisfies Assumption 0.1. Suppose that we have fixed stable
and thus by suspension an element
Of particular interest is the case, where R is the real reduced group C *algebra C * r (G, R) or the complex reduced group C * -algebra C * r (G) and β is the canonical map. Then Assumption 0.1 is equivalent to the assertion that the mth Novikov-Shubin invariant of ∂M is ∞ + in the sense of [12, Definition 1.8, 2.1 and 3.1] (see Lemma 3.1), and the symmetric L-groups are 2-periodic. Moreover, the invariant σ(M , r) is linked to higher signatures as follows, provided that ∂M is empty.
Recall that the higher signature sign u (M, r) of a closed oriented manifold M with a reference map r : M → BG for a given class
is the homological fundamental class of M and , is the Kronecker pairing. We will consider the following commutative square of Z/4-graded rational vector spaces 
The map A R resp. A are assembly maps given by taking the index with coefficients in C * r (G; R) resp. C * r (G). The map sign is in dimension n = 0 mod 4 given by taking the signature of a non-degenerate symmetric bilinear form. Notice that the map sign is bijective by results of Karoubi (see [20, Theorem 1.11] ). The maps induc. are given by induction with the inclusion R → C and are injective. Obviously the right square commutes. In order to show that the diagram commutes it suffices to prove this for the outer square. Here the claim follows from the commutative diagram in [7, page 81] .
The Novikov Conjecture says that sign u (M, r) is a homotopy invariant, i.e. if r : M → BG and s : N → BG are closed orientable manifolds with reference maps to BG and f : M → N is a homotopy equivalence with s • f ≃ r, then sign u (M, r) = sign u (N, s). Since the homological Chern character is rationally an isomorphism for CW -complexes, one can say by (0.6) that D(M, r) is rationally the same as the collection of all higher signatures. Moreover, the Novikov Conjecture is equivalent to the statement that two elements [M, r] and [N, s] in Ω n (BG) represent the same element in Ω * (BG) ⊗ Ω * ( * ) Q n resp. KO n (BG) ⊗ Z Q resp. K n (BG) ⊗ Z Q, if they are homotopy equivalent.
Notice that the Baum-Connes Conjecture for C * r (G) implies that A and hence A R are rationally injective by the following argument (see [2, section 7] for details). The map A can be written as the composition of the map K n (BG) = K G n (EG) → K n (EG) G , which is given by the canonical map from EG to the classifying space EG of proper G-actions and is always rationally injective, and the Baum-Connes index map K G * (EG) → K * (C * r (G)), which is predicted to be bijective by the Baum-Connes Conjecture. Notice that σ is injective if and only if A R is injective and that the injectivity of A implies the injectivity of A R and hence of σ. Since for a closed oriented manifold M with reference map r : M → BG the image of [r : M → BG] under σ (and sign • σ) is a homotopy invariant of r : M → BG, the commutativity of the diagram above and the rational injectivity of A R implies the homotopy invariance of (0.6) and thus the Novikov conjecture. Moreover, if A R is rationally injective, D([M, r]) contains rationally the same information as σ([M, r]). We mention that the Baum-Connes Conjecture and thus the rational injectivity of A is known for a large class of groups, namely for all a-T-menable groups [5] .
From Theorem 0.3 (b) and Theorem 0.5 (b), we obtain the following corollary. It extends Corollary 0.4 of [9] which assumes G virtually nilpotent or Gromov hyperbolic to all groups for which A R is injective. Moreover, the topological proof presented here is much simpler than the analytic one in [9] .
Corollary 0.7 Let M and N be two oriented compact n-dimensional manifolds with boundary and let φ, ψ : ∂M → ∂N be orientation preserving diffeomorphisms. Let r : M ∪ φ N − → BG and s : M ∪ ψ N − → BG be reference maps such that r| M ≃ s| M and r| N ≃ s| N holds. Denote by ∂M → ∂M the G-covering associated to r| ∂M : ∂M → BG. If n = 2m, we assume for the m-th Novikov Shubin invariant α m (∂M ) = ∞ + in the sense of [12] . If n = 2m + 1, we assume α m (∂M ) = ∞ + and for the m-th L 2 -Betti number b (2) m (∂M ) = 0. (We could replace the condition b (2) m (∂M ) = 0 by the weaker but harder to check assumption that the map induced by
Then the higher signatures are additive, i.e. we have for all u ∈ H * (BG, Q)
We will see in Example 1.10 that some assumptions, like the ones in Corollary 0.7, are necessary for the additivity of higher signatures.
Let us now briefly describe Corollary 0.4 of [9] . Let M be a compact oriented n-dimensional manifold possibly with boundary, endowed with a reference map r : M → BG. Suppose that (when ∂M = ∅) (∂M, r| ∂M ) satisfies Assumption 0.1 for the obvious ring homomorphism β : ZG → C * r (G) and that in the case n = 2m we have fixed a stable Lagrangian
). An element σ M ∈ H * (B ∞ ) in the noncommutative deRham homology of B ∞ is constructed (via a higher index theorem) and shown to be a homotopy invariant of r : M → BG (taking the stable Lagrangian in the case n = 2m + 1 into account) in [9] . If G is a Gromov hyperbolic or virtually nilpotent group then every u ∈ H * (BG, Q) admits a group cocycle representative c such that the associated cyclic group cocycle τ c extends as an element of HC * (B ∞ ). Let us recall that when ∂M is empty one has ([10]):
Motivated by this fact, we still call, when ∂M = ∅, the numbers < σ M , τ c >, higher signatures of (M, r). By construction we have additivity which is used in [9] to prove Corollary 0.7 when G is virtually nilpotent or Gromov-hyperbolic.
Additivity and mapping tori in the bordism group
Throughout this section X is some topological space. Denote by Ω n (X) the bordism group of closed oriented smooth n-dimensional manifolds M together with a reference map r : M → X. Consider quadruples (F, h, r, H) consisting of a closed oriented (n − 1)-dimensional manifold F together with an orientation preserving self-diffeomorphism h : F → F , a reference map r : F → X and a homotopy H : The required cobordism has as underlying manifold
Given two quadruples of the shape (F, h, r, H) and (F, g, r, G), we can compose them to a quadruple (F, g•h, r, H * G), where H * G is the obvious homotopy r ≃ r • g • h obtained from stacking together H and G × (h × id [0,1] ). One easily checks that in Ω n (X)
(1.
3)
The desired cobordism has as underlying manifold
. We recognize the mapping torus of g • h as the part of the boundary which is the image under the canonical projection of the union of
Notice that the class of a quadruple in Ω n (X) does depend on the choice of the homotopy. Namely, consider two quadruples (F, h, r, H) and (F, h, r, G) which differ only in the choice of the homotopy. Let u : F × S 1 → X be the obvious map induced by r and composition of homotopies H * G − : r ≃ r. Then we get from (1.2) and (1.3) in Ω n (X)
(1.4)
The right side of (1.4) is not zero in general. Take for instance F = CP 2 and X = S 1 and let u k : F × S 1 → S 1 be the composition of the projection F × S 1 → S 1 with a map S 1 → S 1 of degree k ∈ Z. Then in this situation the right-handside of 1.4 becomes [u k :
Let M and N be compact oriented n-dimensional manifolds and let φ, ψ : ∂M → ∂N be two orientation preserving diffeomorphisms. By glueing we obtain 
Thus we obtain a quadruple (∂M, φ −1 • ψ, r| ∂M , K) in the sense of (1.1). Lemma 1.5 We get in Ω n (X)
Proof : The underlying manifold of the required bordism is obtained by glueing parts of the boundary of M × [0, 1] and of N − × [0, 1] together as described as follows.
Corollary 1.6 Suppose in the situation of Lemma 1.5 that X = BG for a discrete group G and that the image H of the composition
Proof : In view of Lemma 1.5 we have to show that the higher signatures of (∂M, φ −1 • ψ, r| ∂M , K) vanish. The homotopy K yields an element g ∈ G such that the composition of c(g) : G → G g ′ → gg ′ g −1 with π 1 (r| ∂M ) agrees with the composition of π 1 (r| ∂M ) with the automorphism π 1 (φ −1 • ψ). (N ; C) is nontrivial and the map π 1 (∂M ) → π 1 (M ) is injective. Recall that m is the integer satisfying n = 2m resp. n = 2m + 1. The fundamental group of the connected sum RP 3 ♯RP 3 is the infinite dihedral group D ∞ = Z/2 * Z/2 = Z ⋊ Z/2. Notice that there is a two-fold covering S 1 × S 2 → RP 3 ♯RP 3 and the universal covering of ( Example 1.10 In odd dimensions additivity of the higher signatures (sometimes also called the cut and paste property) fails as bad as possible in the following sense. Let us consider m ≥ 2, a finitely presented group G and any element ω ∈ Ω 2m+1 (BG). Then using the last (surjective) map of Theorem 3.2 of ( [15] ) and also the isomorphism given at the bottom of page 57 of ( [15] ) (or see the Theorem in the appendix by Matthias Kreck), one can find a quadruple (F, h, r, H) for a 2m-dimensional closed oriented manifold F with reference map r : F → BG such that [F, h, r, H] = ω in Ω 2m+1 (BG) and [F, r] = 0 in Ω 2m (BG) holds. Fix a nullbordism R : W → BG for r : F → BG. In the sequel we identity F = ∂W . Since F admits a collar neighborhood in W , the inclusion F → W is a cofibration and thus we can extend the homotopy H :
The theorem of Matthias Kreck which he proves in the appendix shows that for m ≥ 2 one can arrange in the situation above that the reference map r : F → BG is 2-connected, provided that BG has finite skeleta. (Since we only want to have 2-connected it suffices that BG has finite 2-skeleton.) Consider the special case m = 2 and G = Z. Choose in (1.11) the quadruple (F, h, r, H) such that r : F → BZ is 2-connected. Then F is the universal covering of F . We conclude from [12, Lemma 3.3] that α 2 (F ) = α 2 ( S 1 ) = ∞ + . Therefore Assumption 0.1 is satisfied for ∂W = F by Lemma 3.1. Notice that there are elements ω ∈ Ω 5 (BZ) whose higher signatures do not all vanish, for instance [CP 2 × S 1 , r] where r : CP 2 × S 1 → BZ = S 1 is the projection onto the second factor. Hence, (for such an example), if we set [M 0 , r 0 ] = [W, R] and [M 1 , r 1 ] = [W ′ , R ′ ], then formula (1.11) and Theorem 0.5 show that the righthandside of the formula of Theorem 0.5 (c) is not zero. Thus Assumption 0.1 is not enough in the case n = 2m + 1 (in contrast to the case n = 2m as proven in Theorem 0.3 (b)) to ensure the additivity of the higher signatures.
Counterexamples to additivity in odd dimensions yield also counterexamples in even dimensions by crossing with S 1 . In the situation of (
and, since the L−class of ω × S 1 may be identified to the one of ω, for any u ∈ H * (BG; Q) we have sign u×
is the fundamental class. Hence if ω ∈ Ω 2m+1 (BG) admits at least a higher signature which is not zero, then W × S 1 ∪ h×id W × S 1 admit a higher signature which is not cut and paste invariant.
Computations in symmetric L-groups
In this section we carry out some algebraic computations and constructions of classes in symmetric L-groups which correspond on the geometric side to defining higher signatures of manifolds with boundaries (under Assumption 0.1) and to glueing processes along boundaries.
We briefly recall some basic facts about (symmetric) Poincaré chain complexes and the (symmetric) L-groups defined in terms of bordism classes of such chain complexes. For details we refer the reader to [16] and to the Section 1 of [18] .
Let R be a ring with involution R → R : r → r. Two important examples are the group ring ZG with the involution given by g = g −1 and the reduced C * -algebra C * r (G) of a group G. Given a left R-module V , let the dual V * be the (left) R-module hom R (V, R) with the R-multiplication given by (rf )(x) = f (x)r. Given a chain complex C * = (C * , c * ) of (left) R-modules, define C n− * to be the R-chain complex whose i-th chain module is (C n−i ) * and whose i-th differential is c * n−i+1 : C * n−i → C * n−i+1 . We call C * finitely generated projective if C i is finitely generated projective for all i ∈ Z and vanishes for i ≤ 0. An n-dimensional (finitely generated projective symmetric) Poincaré R-chain complex (C * , φ) consists of an n-dimensional finitely generated projective R-chain complex C * together with a R-chain homotopy equivalence φ 0 * : C n− * → C * which the part for s = 0 of a representative {φ s | s ≥ 0} of an element in φ in the hypercohomology group Q n (C * ) = H n (Z/2; hom(C * , C * )). The element φ 1 is a chain homotopy (φ 0 ) n− * ≃ φ 0 * , where (φ 0 ) n− * is obtained from φ 0 in the obvious way using the canonical identification P → (P * ) * for a finitely generated projective R-module P . The elements φ s+1 are higher homotopies for φ s * ≃ (φ s ) n− * . Consider a connected finite CW -complex X with universal covering X and fundamental group π. It is an n-dimensional Poincaré complex if the (up to Zπ-chain homotopy well-defined) Zπ-chain map − ∩ [X] : C n− * ( X) → C * ( X) is a Zπ-chain homotopy equivalence. Then for any normal covering X → X with group of deck transformations G, the fundamental class [X] determines an element in φ ∈ Q n (C * (X)), for which φ 0 * is the ZG-chain map induced by − ∩ [X] and (C * (X), φ) is an n-dimensional Poincaré ZG-chain complex [17, Proposition 2.1 on page 208].
The (symmetric) L-group L n (R) is defined by the algebraic bordism group of n-dimensional finitely generated projective Poincaré R-chain complexes. The algebraic bordism relation mimics the geometric bordism relation. The general philosophy, which we will frequently use without writing down the details, is that any geometric construction for geometric Poincaré pairs, such as glueing along a common boundary with a homotopy equivalence, or taking mapping tori or writing down certain bordisms, can be transferred to the category of algebraic Poincaré chain complexes.
However, there is one important difference between the geometric bordism group Ω n (X) and the L-group L n (R) concerning homotopy invariance. Let G be a group and let M, N be two closed oriented n-dimensional manifolds with reference maps r : M → BG and s : N → BG. Suppose that f : M → N is a homotopy equivalence such that s • f ≃ r. Then this does not imply that the bordism classes [M, r] and [N, s] agree. But the Poincaré ZG-chain complexes C * (M ) and C * (N ) are ZG-chain homotopy equivalent, and this does imply that their classes in L n (ZG) agree [16, Proposition 3.2 on page 136].
The following lemma explains the role of Assumption 0.1. Its elementary proof is left to the reader. Lemma 2.1 Let C * be a projective R-chain complex. Then the following assertions are equivalent.
(a) C * is R-chain homotopy equivalent to a R-chain complex D * with trivial m-th differential;
such that the m-th differential of D * is zero and the inclusion D * → C * is a R-chain homotopy equivalence;
Fix a non-negative integer n. Let m be the integer for which either n = 2m or n = 2m + 1. Next we give an algebraic construction which allows to assign to a (finitely generated projective symmetric) Poincaré pair (i * : C * → C * , (δφ, φ)) of n-dimensional R-chain complexes an element in L n (R), provided that C * is chain homotopy equivalent to a R-chain complex with trivial m-th differential. In geometry this would correspond to assign to an inclusion i : ∂M → M of a manifold M with boundary ∂M together with a reference map r : M → X an element in Ω n (X), where C * resp. C * resp. i * plays the role of C * (∂M ), C * (M ) and C * (i). The idea would be to glue some preferred nullbordism to the boundary. This can be carried out in the more flexible algebraic setting under rather weak assumptions.
We begin with the case n = 2m. Recall that we assume that C * is chain homotopy equivalent to an R-chain complex D * such that d m : D m → D m−1 is trivial. Notice that we can arrange that D * is (2m − 1)-dimensional finitely generated projective by Lemma 2.1. Fix such a chain homotopy equivalence u * : C * → D * . Equip D * with the Poincaré structure ψ induced by φ on C * and u * . Define D * as the quotient chain complex of D * for which D i = D i if 0 ≤ i ≤ m − 1 and D i = 0 otherwise. Let j * : D * → D * be the canonical projection. Notice that it is indeed a chain map since d m vanishes. There is a canonical extension of the Poincaré structure ψ on D * to a Poincaré structure (δψ, ψ) on the pair j * : D * → D * , namely, take δψ to be zero. Now we can glue the Poincaré pairs (i * : C * → C * , (δφ, φ)) and (j * : D * → D * , (δψ, ψ)) along the R-chain homotopy equivalence u * : C * → D * [16, §3], [18, 1.7] . We obtain a 2m-dimensional Poincaré R-chain complex which presents a class in L 2m (R). Since chain homotopy equivalent Poincaré R-chain complexes define the same element in the (symmetric) L-groups, this class is independent of the choice of u * : C * → D * . We denote it by σ(i * : C * → C * , (δφ, φ)) ∈ L 2m (R).
(2.
2)
The proof of the next lemma is straightforward in the sense that one has to figure out the argument for the corresponding geometric statements, what is easy, and then to translate it into the algebraic setting (see also [18, Prop. 1.8.2 ii]). Lemma 2.3 (a) Let (i * : C * → C * , (δφ, φ)) and (j * : D * → D * , (δψ, ψ)) be 2m-dimensional (finitely generated projective symmetric) Poincaré pairs. Let u * : C * → D * be a R-chain equivalence such that Q 2m−1 (u * ) : Q 2m−1 (C * ) → Q 2m−1 (D * ) maps φ to ψ. Denote by (E * , ν) the 2mdimensional Poincaŕe chain complex obtained from i * and j * by glueing along u * . Suppose that C * is R-chain homotopy equivalent to a R-chain complex with trivial m-th differential. Then we get in L 2m (R)
σ(E * , ν) = σ(i * : C * → C * , (δφ, φ)) − σ(j * : D * → D * , (δψ, ψ));
(b) Let (i * : C * → C * , (δφ, φ)) and (j * : D * → D * , (δψ, ψ)) be two 2mdimensional (finitely generated projective symmetric) Poincaré pairs. Let (f * , f * ) : i * → j * be a chain homotopy equivalence of pairs, i.e. R-chain homotopy equivalences f * : C * → D * and f * : ψ) . Suppose that C * is R-chain homotopy equivalent to a R-chain complex with trivial m-th differential. Then we get in L 2m (R) (δψ, ψ) ). Next we deal with the case n = 2m + 1. Recall that we are considering a (2m + 1)-dimensional finitely generated projective Poincaré R-pair (i * : C * → C * , (δφ, φ)) and that we assume that C * is R-chain homotopy equivalent to a R-chain complex D * with trivial m-th differential. Since C * ≃ C 2m− * ≃ D 2m− * holds by Poincaré duality, C * is also R-chain homotopy equivalent to a R-chain complex, namely, D 2m− * whose (m + 1)-th differential is trivial. We conclude from Lemma 2.1 that we can fix a R-chain homotopy equivalence u * : C * → D * to a 2m-dimensional finitely generated projective R-chain complex D * such that both d m+1 and d m vanish. This implies also that H m (C * ) ∼ = H m (D * ) ∼ = D m is a finitely generated projective R-module and the Poincaré structure on C * induces the structure of a (−1) m -symmetric (non-degenerate) form µ on H m (C * ). Recall that a (−1) m -symmetric (non-degenerate) form (P, µ) consists of a finitely generated projective R-module P together with an isomorphism µ : P → P * such that the composition P ∼ = − → (P * ) * µ * −→ P of µ * with the canonical isomorphism P → (P * ) * is (−1) m ·µ. The standard (−1) m -symmetric hyperbolic form H(Q) for a finitely generated projective R-module Q is given by
A Lagrangian for a (−1) m -symmetric form (P, µ) is a direct summand L ⊂ P with inclusion j : L → P such that the sequence 0 → L j − → P j * •µ − −− → L * → 0 is exact. Any inclusion j : L → P of a Lagrangian extends to an isomorphism of (−1) m -symmetric forms H(L) → (P, µ). A stable Lagrangian for (P, µ) is a Lagrangian in (P, µ) ⊕ H(Q) for some finitely generated projective R-module Q. A formation (P, µ, K, L) consists of a (−1) m -symmetric (non-degenerate) form (P, µ) together with two Lagrangians K, L ⊂ P . A stable formation (P, µ, K, L) on (P, µ) is a formation on (P, µ) ⊕ H(Q) for some finitely generated projective R-module Q. For more informations about these notions we refer to [16, §2] .
There are natural identifications of L 0 (R, (−1) m ) with the Witt groups of equivalence classes of (−1) m -symmetric forms and of L 1 (R, (−1) m ) with the Witt group of equivalence classes of (−1) m -symmetric formations [16, §5] . There are suspension maps L 0 (R, (−1) m ) → L 2m (R) and L 1 (R, (−1) m ) → L 2m+1 (R). These suspension maps are in contrast to the quadratic L-groups not isomorphism for all rings with involutions, but they are bijective if R contains 1/2 [16, page 152 ]. The class of (C * , φ) vanishes in L 2m (R), an algebraic nullbordism is given by (i * : C * → C * , (δφ, φ)). Let u * : C * → D * be a R-chain homotopy equivalence to a 2m-dimensional finitely generated projective R-chain complex with trivial m-th and (m − 1)-th differential. Equip D * with the Poincaré structure ψ induced by the given Poincaré structure φ on C * and u * . By doing surgery on the projection onto the quotient R-chain complex D * | m−1 whose ith chain module is D i for i ≤ m − 1 and zero otherwise, in the sense of [16, §4] , one sees that the class of (C * , φ) in L 2m (R) is the image under suspension of the element given by the (−1) m -symmetric form on H m (C * ). If R contains 1/2, the suspension map is bijective. Hence the (−1) m -symmetric (non-degenerate) form on H m (C * ) represents zero in the Witt group of equivalence classes of (−1) m -symmetric forms. This shows There is a canonical extension of the Poincaré structure ψ on D * to a structure (δψ, ψ) of a Poincaré pair on j * : D * → D * , namely, put δψ to be zero. Now we can glue the pairs i * : C * → C * and j * : D * → D * along u * to get a (2m+ 1)-dimensional Poincaré R-chain complex. Its class in L 2m+1 (R) does not depend on the choice of Q, D * and u * and is denoted by
Again the proof of the next lemma is straightforward in the sense that one has to figure out the argument for the corresponding geometric statements, what is easy, and then to translate it into the algebraic setting (see also [18, Lemma 2.7 Let n be any positive integer. Let (i * : C * → C * , (δφ, φ)) and (j * : D * → D * , (δψ, ψ)) be two n-dimensional (finitely generated projective symmetric) Poincaré pairs. Let u * , v * : C * → D * be a R-chain equivalences such that both Q n (u * ) and Q n (v * ) map (δφ, φ) to (δψ, ψ). Let w * : C * → C * be a Rchain map with u * • w * ≃ v * . Let (E * (u * ), (δν, ν)(u * )) and (E * (v * ), (δν, ν)(v * )) respectively be the n-dimensional Poincaŕe chain complexes obtained from i * and j * by glueing along u * and v * respectively. Let (T (w * ), µ) be the algebraic mapping torus of w * . Its underlying R-chain complex is the mapping cone of cone(id −w * ) (cf. [19, page 264] ). Then we get in L n (R) σ(E * (u * ), (δν, ν)(u * )) − σ(E * (v * ), (δν, ν)(v * )) = σ(T (w * ), µ).
In general symmetric signatures and higher signatures are not additive (see Example 1.10). In the situation of Lemma 1.5 the difference of symmetric signatures (and thus of higher signatures) is measured by the symmetric signature of the corresponding mapping torus. If we want to see the difference in L n (C * r (G)), we only have to consider the algebraic mapping torus as explained in Lemma 2.7. To detect the image of the class of the mapping torus in L n (C * r (G)) under the isomorphism sign : L n (C * r (G)) → K 0 (C * r (G)) the formula This idea does not work directly. What we will prove is that there is a bordism W between M ′ #m(S n ×S n ) and M ′ #m(S n ×S n ) for some m equipped with a map to X which on the two boundary components is the composition of the projection from M #m(S n × S n ) to M and r ′ , such that W is diffeomorphic to (M ′ #m(S n × S n )) × I. We further achieve that the manifold obtained by glueing the boundary components of W together is over X bordant to (N, g). This is by the considerations above enough to prove the theorem, since our map from M #m(S n × S n ) to X × BSO is again a n-equivalence.
That this indirect way works follows from [K2, Theorem 2] , which says that we can replace (M ′ × I) + N by a sequence of surgeries over X × BSO and compatible subtractions of tori by an s-cobordism W between M ′ #m(S n × S n ) and M ′ #m(S n × S n ) (the fact that the number of S n × S n 's one has to add by Theorem 2 to the boundary components of W is equal follows from the equality of the Euler characteristic of the two boundary components). If n > 2 the s-cobordism theorem implies W diffeomorphic to (M ′ #m(S n × S n )) × I. If n = 2 the same is true by the stable s-cobordism theorem of [Q2] after further stabilization of W by forming k times a "connected sum" between (S 2 × S 2 ) × I and W along an embeded arc joining the two boundary components of W . To finish the argument one has to note from the definition of compatible subtraction of tori that this process does not affect the bordism class over X for the manifold obtained by glueing the two boundary components together.
To see this we recall the definition of subtraction of tori. Consider two disjoint embeddings of S n × D n+1 into W such that the map to X is constant on both S n × 0's. Join each of these embedded tori by an embedded I × D 2n with the two boundary components and subtract the interior of these embedded submanifolds to obtain W ′ . This is the subtraction of a pair of tori used in [K2, Theorem 2] . The boundary of W consists of two copies of M #(S n × S n ). There is an obvious bordism over X between the manifold obtained from W by identifying the two boundary components and the manifold obtained from W ′ by identifying the two boundary components.
Remark:
In general it is difficult to say much about the special diffeomorphism whose mapping torus is bordant to the given pair (N, g). The main difficulty is the determination of the diffeomorphism. One can obtain some information on M ′ . For example if X = S 1 and n = 2 the proof above shows that we can take for M ′ the following manifold: S 1 × S 3 #CP 2 #CP 2 and thus the special diffeomorphism lives on S 1 × S 3 #CP 2 #CP 2 #m(S 2 × S 2 ) for some unknown integer m. More generally in dimension 4 for an arbitrary X one can use instead of S 1 × S 3 the boundary of any thickening of the 2-skeleton of X in R 5 .
